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of possible trip times and in some cases reduces the required
propulsive velocity increment

2) The use of an atmospheric turn at Mars can reduce the
required propulsive velocity increment to a value approaching
that for a one-way transfer to Mars, depending on the feasible
vehicle lift-drag ratios Low propulsive velocity increments
occur for trip times down to about 1 year

3) In general, greater propulsive velocity increments are
required in 1980 than in 1971 The propulsive velocity in-
crements for the atmospheric-turn trajectories are the least
affected by the launch year

4) The propulsive-gravity and the atmospheric-turn tra
jectories appear to offer the potential of fast, light weight,
nonstop round trips to Mars
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Nomenclature
a = radius of shell middle surface
A B = constants of integration
D = flexural rigidity, Ehs/I2(l - *>2)
E = modulus of elasticity
h = shell thickness

k = shell parameter, Eh/a2

m = nondimensional load parameter
MQ,QQ = moment and shear at discontinuity neglecting

Nx(d2w/dx2)
MK,QK = moment and shear at discontinuity including

Nx(d2w/dx2)
Nx = axial stress resultant, positive when tensile
p = internal pressure
w = radial deflection measured positive inward
w ,wp = complementary and particular solutions, respectively
x _ = axial coordinate
afijfi,-/ = parameters entering into complementarv solution
5i,52 = membrane expansions given by Eq (7)
77 = shell thickness ratio, hi/h%
X4 = shell parameter, k/4D
v = Poisson's ratio

In ti oduction

MANY structural problems in the aerospace industry
involve highly pressurized shells with large radius-

thickness ratios, and under these circumstances, as suggested
by Hetenyi,1 the coupling effects of pressure often have a
significant influence on discontinuity shears, moments, and
stresses Accordingly, a number of investigations have
recently been focused on this problem for pressurized cylin-
drical,2"8 spherical,910 and arbitrary shells of revolution11

For internally pressurized shells, comparisons made between
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Fig 1 Shell juncture

Fig 2 Moment comparison curves

Fig 3 Shear comparison curves

discontinuity analyses that include and neglect the coupling
effects of meridional load78 imply that use of the refined
method generally yields lower calculated maximum stresses
and results in a lighter-weight structure

In this note, two well-known thin shell theories are used to
evaluate and compare shears and moments at the juncture of
two pressurized cylindrical shells For highly pressurized
cylinders with large radius-thickness ratios, the numerical
results indicate that nonlinear coupling effects of pressure
significantly influence computed values of discontinuity
shears and moments

Theory

The differential equation that governs small axisymmetric
displacements of thin cylindrical shells may be written in the
form12

^ d*w _ _ dzw , EhD T7 ~ Nx -rr + — 'dx4 dx2 a2 = -pr '* <»
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In many discontinuity analyses13 it is permissible, as verified
by test results,14 15 to delete the pressure coupling term Nx
(d*w/dx2) from Eq (1) However, by parametric evaluation
of a simple problem, it will be demonstrated that this sim-
plification process is not generally valid for highly pressurized
cylindrical shells with large radius-thickness ratios

The general solution of Eq (1) for a semi-infinite cylindrical
shell is well known1 and may be expressed in the form

where

m = [3(1 - pa? (10)

w = w + wp
where

a2 N

(2)

(3)

Nx <
Nx =

Bw = e~ax(A sin/fo
w = e-y*(A + Bx) (4)

w = e~ax(A sinhjSc + B coshjSr)
and

V l / 2

1/2

(5)

7 =

Analysis

Figure 1 shows a longitudinal section of the juncture of two
semi-infinite cylindrical shells that are subjected to internal
pressure p Take hi < A2 and let Xi and x2 be directed as
shown With the compatibility and equilibrium conditions
at the juncture, along with Eqs (2-5), it may be shown that
the discontinuity moment MX and shear QN act as shown in
Fig 1 and can be expressed in the following form:

Plots of MN/MQ and QO/QN vs 77 for various values of the non-
dimensional load parameter m are shown in Figs 2 and 3,
respectively Note that results obtained including effects of
NX on local bending imply that computed values of the dis-
continuity bending moment and shear are significantly
reduced and increased, respectively, over corresponding values
obtained by neglecting pressure coupling effects For ex-
ample, consider the following case: a = 20 in ; hi = 0 10 in ;
h2 = 0 20 in ; p = 200 psi; E = 10 X 106 psi; and v = 0 3
Thus, T? = 0 5, m = 0 661, and, from Figs 2 and 3 MN =
0 75 MQ and QN = 1 39 Q0 Consequently, in this instance the
discontinuity moments and shears computed by neglecting
coupling effects of meridional load are in error by approx-
imately 25 and 39%, respectively

The stresses have not been discussed in this brief note
However, preliminary calculations indicate that the maxi-
mum stress always occurs in the thinner shell For small
values of t\ the longitudinal stress governs the design, whereas
for large values of rj the hoop stress governs Also, it was
found that computed values of the maximum stress are
reduced when pressure coupling effects are included in the
analysis In practice it is recommended that the maximum
stress be computed by using Eqs (6) in conjunction with the
techniques outlined by Grossman7 and Smith 8
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and the subscript i (i — 1, 2) denotes quantities evaluated in
the region 0 ^ Xi ̂  <*> When written in their present form,
Eqs (6) are valid for all values of Nx

If effects of pressure coupling are neglected, the moment M0
and shear Q0 at the discontinuity may, by suitable reduction
of Eqs (6), be shown to be
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Equations (8) agree with results given earlier by Johns 13 14

An interesting quantitative comparison of these results
may be obtained by forming the dimensionless ratios (MN/
Mo) and (QQ/QN) as follows:
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Method for Determination of Velocity
Distribution in a Thin Liquid Film
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In conjunction with an investigation of film cool-
ing of blunted bodies, a method has been developed
foi the measurement of the velocity distribution in
thin liquid films The mean velocity and the thick-
ness of the film are also determined Results are
presented from measurements in water films with
thicknesses of the order of 0 1 to 0 9 mm It is
assumed that the suggested method also may find
application in different types of boundary-layer
investigations

FILM cooling has been suggested and applied as a means
of protecting motor parts and aerodynamic bodies in

high-temperature environments Different studies of film
cooling with liquids have been reported 1-4 It is obvious
from the results of these investigations that knowledge of the
physics of the liquid film is of great importance to the de-
signer of a film cooling system In particular, the stability
of the film has a profound influence on the coolant efficiency

A method to measure the velocity profile in a thin liquid
film (0 1 to 1 mm thick) has been developed A liquid film is
generated on a plane surface from a slot injector Small
metal particles are mixed uniformly with the liquid before
the injection The film is photographed from above with a
camera with well-known exposure time The length of the
traces on the picture are proportional to the velocity of the
particles The picture does not, however, reveal directly
whether a certain particle has been traveling at the bottom
of the film, close to the solid surface, or at the top, close to the
air boundary layer

To obtain the velocity distribution, the following steps
are taken first, a large number of particle traces, say 100,
are measured at identical conditions Since the number of
traces on each photograph is limited to around 20 (to avoid
colliding traces), this means that the exposures must be re
peated in short intervals (1 sec) Two assumptions are then
made One is that the particle density in the liquid flow
is uniform, that is, each cubic centimeter of liquid contains
the same number of particles A special mixer before the
injection slot is used to guarantee the uniform distribution
The other assumption is that the velocity profile is monotonic
The last assumption limits the use of the method to certain
types of films It is not, however, considered to be a serious
limitation to films pertinent to film-cooling practice
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Fig 1 Velocity profiles in water film

After measurement of the traces, a diagram can be drawn
over the number of particles as a function of the particle
velocities Suppose that just 100 particles are measured
Then, from the foregoing assumptions, it follows that the 10
particles with the highest velocity must travel in the film
layer closest to the surface between air and liquid The
next 10 particles will travel in the following layer, and so
on The widths of these 10 layers are not equal but are
proportional to the respective velocities due to the continuity
principle The total film thickness can be calculated since
the mass flow of liquid is known A mean velocity can also
be determined

The apparatus that has been used consists of a mercury
lamp for illumination of the particles and a camera The
lamp was mounted so that the light rays, when hitting the
particles, made as small an angle as possible with the film
plane The camera, mounted perpendicular to the film
plane, used an exposure time around 1 msec

In most of the experiments, nearly spherical aluminium
particles with the diameters between 20 and 40 jum have been
used These diameters are considered small enough to give
a correct picture of the velocity profile (d = ^ of the film
thickness) Calculations have been made which show that
particles that are incidentally halted at the slot have the
right velocity at the test area if the particles are smaller
than 0 1 mm

In Fig 1 are shown some results from the investigation
Velocity profiles are given as a function of a dimensionless
distance (distance from solid surface toward the interface
divided by film thickness) The water mass flow was varied
between 10 and 90 g/sec The film thicknesses are given
All results presented in Fig 1 refer to tests with no outside
air flow

Some tests have been made with an air flow blowing along
the water surfaces In the tests hitherto made, no influence
on the film velocity profile from the air flow has been observed
No tests have been performed, however, at air velocities
higher than 30 m/sec (Rex = 2 X 105)

The film thickness has been measured also with a separate
method, using a needle that has been held close to the \* ater
surface Afterwards the distance between the needle point
and the surface was measured The following measured
thicknesses show the good agreement between the needle dQ
and the particle technique d:

m = 30 g/sec
d = 037
d = 037
do = 0 35

50 g/sec
0 56 with air (50 m/sec)
0 56 without air
0 50 without air
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Other results from the preliminary investigations are given
inRef 4


